The flight envelope can be viewed as a set within the state space of an aircraft. For various safety considerations an aircraft is required to remain within its prescribed flight envelope. The safe set is the largest controlled invariant set within the flight envelope. Thus, if an aircraft is to remain within its envelope it must stay within the safe set. When an aircraft is impaired, e.g., a jammed elevator or an engine loss, the safe set shrinks as would be expected. In this paper we consider the ability of an aircraft to maneuver within the safe set. Maneuverability performance is usually assessed by evaluating an aircraft's capacity to regulate around and smoothly transition to desired steady motions, or trim points. In this paper we study the structure of trim points within the safe set and the ability to regulate around them. A trim point is a pair of constant state and control values that produces a steady motion with a fixed set of specified flight path parameters, such as airspeed and flight path angle, called the trim condition. It is shown that there may be zero, one, or more trim points corresponding to a given trim condition. Each of these trim points lies on a different branch of the aircraft equilibrium surface. The safe set trim point structure is organized by static bifurcation sets even though the bifurcation points are typically outside of the safe set. When impairment occurs, some trim points vanish so that flight at a desired trim condition may require switching to a different branch. In general, the aircraft zero dynamics differ from one branch to another so that switching from one trim point to another corresponding to the same trim condition requires a change in regulation strategy. These results are developed and explained in this paper. Examples are given.
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Nomenclature

I. Introduction
Ordinarily a flight envelope can be considered a convex polyhedral set, not necessarily bounded, in the state space. The safe set 1 or viable set 2 is the largest controlled invariant set contained within the envelope.
Thus, if it required that an aircraft fly within its prescribed flight envelope it must remain within the safe set. The idea of a safe set derives from a decades old control problem in which the plant controls are restricted to a bounded set U and it is desired to keep the system state within a convex, not necessarily bounded, subset C of the state space. Feuer and Heymann 3 studied the question: under what conditions does there exist for each initial state in C an admissible control producing a trajectory that remains in C for all t > 0? When C does not have this property we try to identify the safe set, S, that is, the largest subset of C that does.
This paper is concerned with how the aircraft can maneuver within S. Controlled flight requires the existence of a suitable set of steady motions and the ability to smoothly transition between them. This means that that it is necessary to understand the equilibrium point structure within S and identify any impediments to regulating around them or steering from one to another. Ordinarily, if an aircraft is impaired it is to be anticipated that the safe set will shrink. It will be shown that the equilibrium point structure within the reduced safe set changes as well and the ability to maneuver is significantly diminished. Furthermore, control strategies required to execute transition maneuvers and to regulate around steady motions may be complex and non-intuitive. This is a possible mechanism for aircraft Loss of Control LOC.
II. GTM Model
Examples in this paper are based on NASA's Generic Transport Model (GTM). In this paper we extend the phugoid analysis presented in 4, 5 to the full longitudinal dynamics and add additional higher order aerodynamic terms. The resulting model has four dimensions and presents more challenges for both the visualization and computation of trim states and safe sets.
II.A. GTM Longitudinal Dynamics
The longitudinal dynamics of a rigid aircraft can be written in path coordinates:
where
and θ = α + γ. To illustrate safe set computations in this paper we assume that we are given an operating envelope
and a control restraint set specified by
III. Maneuverability and the Trim Set
III.A. Trim Behavior of the Longitudinal Dynamics
For commercial aircraft one of the most basic and important steady motion is straight, wings level, climbing and descending flight. We will examine this steady motion for a specified speed and flight path angle (V, γ). An equilibrium (or trim) condition exists when all four of the state derivatives (V ,γ,q,α) in (1) are zero. For straight, wings level flight both q = 0 andγ = 0, so it follows thatα = 0 and the governing equations for an equilibrium point reduce to three equations and three unknowns, T , δ e , and α. Let the solutions to these trim equations be denoted by T * , δ e * , and α * . The trim equations can be solved numerically using a continuation method. 4 Results of these computations for steady motion are shown in Figure 1 . Starting at the black dots as airspeed drops the trim points follow the lower branch of the thrust and angle of attack curves and the upper branch of the elevator curve until the bifurcation (stall) point is reached (black triangles). This solid line represent the 'normal' trim points, but there is an additional branch (dashed lines) comprised of viable trim points so long as the thrust and elevator are within bounds. This observation can be important, as we will see below. We might refer to these as high angle of attack trim points. The high angle of attack trim points are characterized by low speeds, high values of thrust, and large negative elevator commands (nose up). They exist at lower speeds where there is less dynamic pressure which means greater angles of attack are necessary to generate sufficient lift, resulting in a sizeable induced drag, which must be balanced by thrust. Another key point of the results is that the trend of the equilibrium thrust curves suggest that negative values will be required at some airspeeds with flight path angles less than -3 deg, making those trim states not viable.
An essential point is that the control behaviors around trim points on the two branches are considerably different so that a strategy to regulate around a point on one branch will fail if applied to one on the other branch. The theoretical basis for this is established in. and for the high angle of attack trim:
Inspection of the eigenvalues for the normal angle of attack shows that both the phugoid mode and the short period mode are stable. For the high angle of attack trim the phugoid mode is stable but the short period mode is unstable. Clearly regulation around upper branch trim points will require a different control strategy due to the instability of the short period mode. However, stability is not the essential issue. The more important point is that the two branches produce fundamentally different zero structures. The two by two longitudinal system with input-output structure (T, δ e ) → (V, γ), has two transmission zeros. these are located at (±10.51) for the normal trim, and (±11.62 i) for the high angle of attack trim. The one right half plane zero of the normal trim linear dynamics is typical of tail stabilized aircraft. The high angle of attack trim linear dynamics has both zeros on the imaginary axis. One direct consequence of this is the reversal of the steady state gain associated with the response of velocity to elevator. This behavior is organized by a bifurcation point that separates the two branches. As shown in, 5 a static bifurcation point occurs when a degeneracy occurs in the zero dynamics oḟ
where x ∈ R n are the states, u ∈ R p are the control inputs, z ∈ R r are the regulated variables and µ ∈ R is any parameter. The values for the bifurcation points in Figure 1 are shown in Table 1 for regulation of speed and flight path angle (V,γ). Examination of the linearized zero dynamics at each of these bifurcation points shows that a degeneracy occurs in the form of two transmission zeros at the origin. 
III.B. Trim Points
With bounded controls there are four possible outcomes for each possible trim point; (1) it is not attainable; (2) it is only attainable at a high angle of attack; (3) it is only attainable at a normal angle of attack; and (4) it is attainable at both a high and normal angle of attack. For all viable trim points we have shown that there are 1, 2, and in some cases 3 admissible control pairs. Attainable (V,γ) trim points are summarized in Figure 2 on a discrete 2D grid spanning the flight envelope. Transition from normal to high angle of attack trim (or vis-versa) could be difficult because of the short period mode instability. The pilot (or auto-pilot) needs to recognize the need to change control strategy accordingly. Of course, this picture is altered in significant ways if flaps, spoilers even landing gear are deployed.
In the restricted elevator case shown in Figure 2 the elevator range of motion is limited in the positive direction to 3 degrees. This severely limits the set of normal flight trim points. For a jammed elevator the set of viable trim points reduces to a curve where only normal angle of attack trim points exist. 
IV. Conclusions
In this paper it is shown how the impact of control constraints, including those induced by actuator impairment, affect the ability to maneuver within the safe set for NASA's Generic Transport model. Maneuverability is examined by first identifying attainable steady motions within the safe set. In the case of longitudinal dynamics, steady motions are identified with trim points corresponding to straight, wings level flight at specified velocity and flight path angle. There may be multiple trim points associated with a specified (V, γ) pair. How the set of viable trim points can change when an actuator impairment occurs is illustrated using the GTM model. It is shown that when multiple trim points exist, they belong to different branches of the trim manifold. Consequently, they have different control characteristics in the sense that they have distinct zero dynamics which implies the need for different control strategies to regulate around them.
